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FLUORESCENT SCATTERING IN PLANETARY ATMOSPHERES

III. FORMATION OF LYMAN-BIRGE-HOPFIELD BANDS OF
N; IN THE MARTIAN ATMOSPHERE
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Yerkes Observatory, University of Chicago*
Received March 14, 1963

ABSTRACT

Formation of the Lyman-Birge-Hopfield bands of N in a planetary atmosphere illuminated by the
sun is investigated. This band system is expected to appear in the daytime ultraviolet spectrum of a
planet observed from above. The band intensities are calculated for two model atmospheres of Mars:
(1) a pure nitrogen atmosphere and (2) a nitrogen atmosphere with 1 per cent O, concentration. In the
far ultraviolet the contribution of Rayleigh scattering to the continuum of the reflected spectrum is found
to be much lower than the band intensities.

1. INTRODUCTION

The Lyman-Birge-Hopfield (LBH) bands of molecular nitrogen arise from forbidden
transitions from the metastable state a'll, to the ground state X'Z,*. This band system
falls in the far ultraviolet (AA 1100-2400 A), and its emission and absorptmn spectra
have both been observed in the laboratory.

From the work of Thompson and Williams (1934), Herzberg (1946), and Oldenberg
(1959) it appears that metastable N; molecules are critically sensitive to collisions with
other molecules.

At temperatures of the order 100°-300° K; typical of the emitting regions of the
upper atmosphere of the earth and probably Mars, nitrogen molecules are virtually all in
the lowest vibrational level of the ground electronic state, X'2,*. When excited by
ultraviolet solar radiation, they make transitions to a'll, state and then back to the
ground state emitting the LBH bands. Two factors, however, may seriously affect the
emission of these bands.

a) At certain altitudes, where the collisional lifetime (i.e., the mean time between con-
secutive deactivating collisions) becomes less than the natura.l lifetime of the metastable
levels, the excited molecules become deactivated before falhng spontaneously to the
ground state and emitting the LBH bands.

b) Molecular oxygen absorbs the incident ultraviolet radiation in the Schumann-
Runge cor)ltrnuum This continuum appears at 1759 A and extends to 1300 A (cf. Herz-
berg 1950

Ign this paper scattering of solar radiation by two model atmospheres is investigated.
Of these models, one is composed of pure nitrogen, and the second contains 99 per cent
nitrogen and 1 per cent oxygen. The upper atmosphere of Mars probably has a composi-
tion between these limits. Even with O, absent in the lower atmosphere, a small amount
will form in the region where COs is partially dissociated (Chamberlain 1962).

The basic theory for this analysis is developed in Papers I and II of this series by
Chamberlain and Sobouti (1962) and Sobouti (1962), respectively.

II. OUTLINE OF THE PROBLEM

Figure 1 represents a schematic energy-level diagram of the N, molecule. Vibrational
levels and their corresponding rotational structure in the ground electronic state,

* Present address: Department of Mathematics, King’s College, Newcastle upon Tyne, England.
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X1%,*, are denoted by v"” and J”/, respectively. In the excited state, alll,, they are indi-
cated by v and J’, respectively.

At temperatures of interest (100°-300° K), only the ground vibrational level, v"/ = 0,
is populated. Upon the absorption of solar radiation, these molecules make transitions
upward to the II-state and then cascade back either to v/ = 0 (emitting the resonant
band) or to any other vibrational level v”/ % 0 (emitting a fluorescent band). Rotational
selection rules permit only those transitions for which J' — J” = —1,0, 41, which are
referred to as P, Q, R transitions, respectively. Any rotational or vibrational transition
within a given electronic state is forbidden in homonuclear molecules.

From these considerations it emerges that the population of a J’ level in a vibrational
level v’ is determined solely by the corresponding P, Q, R transitions from the ground
level 9/ = 0. In the resonant bands the intensities of any P, Q, R trio with the same
upper level J’ will be coupled to one another, since these transitions occur through both
absorption and emission. Fluorescent bands, on the other hand, are exclusively emission
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F1c. 1.—A schematic energy-level diagram illustrating rotational transitions in a band. Resonant
transitions occur both in absorption and in emission. Fluorescent transitions, on the other hand, are
exclusively emission features.

features. Hence the intensities of P, Q, R transitions in fluorescent bands will not be
dependent on one another but will, however, depend on the behavior of the P, Q, R trio
of the resonant bands (see Fig. 1).

It should be noted that in the present problem the so-called A-type doubling of the
II-state is neglected. Such doubling would split each rotational level of the II-states into
two sublevels, one with positive ‘and one with negative statistics. Then in view of the
selection rule 4+ <» —, the Q transitions become decoupled from P and R transitions
(see Herzberg 1950, pp. 210 and 251-254). Nonetheless, it is shown at the end of section
VI that the total intensity of a band remains very much the same with or without the
A-type doubling.

III. ABSORPTION COEFFICIENTS

a) Line Absorption Coefficient
For a Doppler-broadened line the absorption coefficient per molecule is!
N ! T o T ___7_"_8_2_ TR ¢ [__62_ V—Ve 2]
a (0T ,v])—mcf('v J ,'vJ)ﬂ_mUycexp iE , (1

Ve

1 For the formulae of this section and further references to them see Chamberlain (1961), pp. 1-26.
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where » = frequency, ». = frequency at the center of the line profile, ¢ = electronic
charge in e.s.u., m = electronic mass, ¢ = velocity of light, and

2kT\!/? .
U= ——]‘TT) = most probable molecular velocity . ()
The f-value for a rotational line is
8mim S(J,J")
"y LIy — 2 A7) ’
fC"" T, 0'T") Thet veR2q(v',0 )—'—”—2111+1 . 3

in which the electronic, vibrational, and rotational contributions have been taken to be
independent of one another. Here % is the Planck constant and R, is the matrix element
for the electronic transition II-Z. This matrix element is an unknown quantity, and, as
we shall see later, at best a rough estimate of it may be inferred from the literature.
However, we do not require a precise knowledge of this parameter, since it is only the
relative values of the absorption coefficients that enter critically into the theory. It is
true that, for a pure nitrogen atmosphere, the absolute f-values appear in the expression
for the effective width of the rotational lines (cf. eq. [30]); while O, is present, they are
needed to determine the albedos (cf. eq. [26]). Nevertheless, these effective widths and
the albedos depend only weakly on the absolute f-values.

The quantity q(v/, v"’) is the Franck-Condon factor. Nicholls (1962) has published
extensive tables of this parameter for various band systems of different elements.

The strength of the transition is S(J”, J''), which is given by the Hénl-London formu-
lae (Herzberg 1950, p. 208). For a II-Z transition, these formulae take the following

form: J! 27"+ 1 J!
sy=%, s@=2FL  sw=TFL @
The line absorption coefficient per unit volume is defined by
K(,)( 1)1/]//,1)/]’) = N( 'l)”]")a(”)( v"]”,v’]’), (5)

where N(v”/, J'') is the number density of molecules in the (v", J'') level. It is related
to the total population of the vibrational level, N (v"’), by a Boltzmann distribution,

1y __N('U") " ___k_f 1N T

N(o"J") =2222(2] +1)exp[ 2 B(0")J" (] +1)], ©
where (27’ 4 1) is the statistical weight (i.e., the degree of degeneracy) of the rotational
level, icB(v'")J"'(J” + 1) is the energy of the rotational level (Herzberg 1950, pp. 107
and 553), and Z is the partition function,

Z=Z(2]”+1)exp[——Z§,B(v")J”(]"+1)]. )

Jr

It should be noted that only the resonant bands (which arise from the ground vibra-
tional level) have non-zero volume absorption coefficients.

As a simplification we shall neglect incoherent scattering within individual line pro-
files. That is, we shall consider an absorption at frequency 6»(0) from the line center to
be followed by an emission at the corresponding §»(v"’) such that 8»(0)/v.(0) = év(v"")/
v¢(v""). The ratios of volume absorption coefficients then become independent of fre-
quency (cf. egs. [1], [3], [4], [5], and [6]),

KP(V):KQ(I’):KR(V)——J, exp[—ZTc'B(v,l)(3],+2)]:
(8)
he ke
’ —_——— nmyrtl.cr re "y !
(2J +1)exp[ kTB(v )J].(J +1)exp[kTB(v )J].
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In deriving these ratios we have used the values J”/ = J' 41, J” = J', and J" =
J' — 1for P, Q, and R transitions, respectively.

b) Continuous Absorption Coefficient

Continuous absorption in both resonant and fluorescent frequencies may arise from
O; molecules, which absorb the ultraviolet radiation and become dissociated to atomic
oxygen. Let B8 be the absorption cross-section of an O, molecule. The continuous ab-
sorption coefficient per unit volume will be

0=N(02)6a 9)

where N(O.) is the number density of O; molecules. The coefficients 8 and ¢ are prac-
tically constant across a line or even across a band. But they may vary appreciably from
one band to another.

Watanabe (1958) has published the cross-section of O, for the wavelength region
AN 852—1750 A. Ditchburn and Young (1962) have measured it in the range A\ 1850~
2500 A.

IV. ALBEDOS

The albedo of scattering for a transition v'J’— v”J" is the probability of such a
transition among all possible transitions originating from 2'J’ level. With induced
emission neglected, it may be written in terms of Einstein’s 4-coefficients as
A ( vl]l,vlljll)

EA ( ,v/JI,,anN)

! J

w(v'J,0"J") = (10)

This scattering albedo does not include the effects of continuous absorption, which will
be incorporated in equation (26) below. The A-coefficients are proportional to S(»'J’,
v""J'") /N3, where S is the sirength of the transition. As in equation (3), this strength may
be factorized into an electronic part, a vibrational part, and a rotational part (Chamber-
lain 1961, pp. 1-26):

S(v'T' 0" J") =Rz2q(v',v"")S(J',J"). (11)
Hence the albedo for a rotational line becomes
g(v',v"") /N (2',0") S J")
S gy N ] S, T

v’ J'

w(vljl,vlljll) = (12)

In this equation A (v/, v”) is an approximate wavelength typical of the band as a whole.
An extensive collection of wavelengths for the LBH system and other bands of N; and
N;* is published by Wallace (1962). Let us define the albedo of an entire band as

q( v/’v//)/)‘;g( v/,vu)
D lgCe, o) /N (v ,0")]

v’

w(v/,v") = (13)

which can be readily evaluated from the tables of Franck-Condon factors published by
Nicholls (1962). The rotational strength S(J’, J’) is given by equations (4), and the
summation in equation (12) has only the three terms, P, Q, and R. The expression for
line albedo now becomes )

144
w(vljl’,vlljll)___w(vl,vll)zs(]’] )

(2J°+1) °

(14)
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or
ot ,,)___{’__ (148)
a(P)=w(v,v 7T F1)°
®(Q) =G’('0';1’")'1'; : (14b)
and
J' 41
— ! 144
a(R) =w(v/,v )——-—————~—-2(21,+1). (14c)

V. OPTICAL DEPTH OF THE MODEL ATMOSPHERES

We mentioned before that collisions may deactivate the excited N; molecules, and
prevent the scattering process in dense regions of the atmosphere. As the lower boundary
of the scattering zone, we shall adopt that altitude at which the collisional lifetime, T,
becomes equal to the natural or radiative lifetime, 7', of the excited molecules. Below
this height, virtually all radiation is absorbed, and the scattering atmosphere may
be regarded as having a lower boundary. Any radiation crossing this boundary from
above may be regarded as lost.

Lichten (1957) measured the natural lifetime of the alll, state of Ny as T, = (1.7 +
0.3) X 10~* sec. The lifetime for an electronic state, however, is an ill-defined quantity.
Because of the wavelength dependence of the Einstein 4’s, different vibrational levels
constituting an electronic state have different lifetimes. Therefore, a definition for the
lifetime of the electronic state will require a specification of the distribution of popula-
tion over the vibrational levels of that electronic state. Obviously, such a parameter that
depends on the environment of the molecule (say the parameters governing the distribu-
tion) will not be so useful a concept as the lifetime for a single level that depends solely
on the constants of that level.

Nonetheless, we might interpret Lichten’s measurement as follows. Absorption and
emission in different bands of II-Z transitions are each proportmnal to the Franck-
Condon factors of the bands. Those bands having higher ¢(v', v"") values will play a
stronger role in determining the measured lifetime of the electronic state. As an ap-
proximation, we take Lichten’s value of 1.7 X 10~ sec to be the lifetime of the 3-0
band, which, among the bands arising from the ground vibrational level, has the highest
value of q(@, v"’).

This lifetime may serve to estimate the matrix element, R, of equation (3) from the
relation 1

Tr ( 9 ’ , ) 1?7 )
The lifetime of any other band will then be

641rR g(v’,9")

35 R N oy @s)

=‘-A(1’,,‘Z)”) —

)‘3('0,77)”) Q(s’ 0)
N3(3,0) g(v',0"")°

Oldenberg (1959), interpreting the results of an experiment by Thompson and
Williams (1934), estimated the collisional lifetime of the metastable state, 7, = 5 X
1075 sec. The pressure and mean-free path in the experiment were about 3 X 10-3 mm
Hg and 2 cm, respectively,? which correspond to a temperature of approximately 100° K.
From these data by means of elementary formulae of gas-kinetic theory, one may de-
rive the collisional lifetime for arbitrary density and temperature. The lifetime is

Te=2X 10U N"1T-1/2sec, amn

T,(v,v")=T,(3,0) (16)

2 The mean-free path, 2 cm, is quoted by Oldenberg.
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where N is the number density of gas. Now putting T, = T, we obtain the critical
density at which the collisions dominate,

Ne=4X1012T/2cm™3 . (18)

In the upper atmosphere of Mars, according to the model developed by Chamberlain

- (1962), the critical density of about 4.5 X 10% particles per cm?® is reached at a tempera-

ture of approximately 130° K and a height of about 140 km. The integrated number of
N, molecules above the corresponding critical height,

N(N) = [ N(N:)dz, )

is about 5 X 10'® molecules per cm? column.

In the upper atmosphere of Mars, Chamberlain suggests, a trace of O is formed by
recombination of O atoms, which in turn are produced by photodissociation of CO,.
[Dunham (1949) estimates spectroscopically that the total O, content of the Martian
atmosphere is less than 0.15 that for the terrestrial atmosphere.] The O, in the upper
atmosphere is mainly confined to altitudes below about 125 km. Above this height, O,
is rapidly photodissociated. In view of these considerations, Model I is a pure nitrogen
atmosphere and Model IT has a maximum of 1 per cent molecular oxygen. One may
expect the scattering region of the Martian atmosphere to have a composition inter-
mediate between these two limits.

The total optical depth of an atmosphere is

T(")(v'J’,v”J") — m( 1)”, Jll)a(y)(vlljll’vljl) +m(02)ﬂ . (20)

The first term on the right side is the optical depth in the line due to N; molecules, and
the second term is the optical depth in the continuum due to O, molecules.

Table 1 lists the optical depth at the center of the resonant P, Q, R lines of the LBH
system. These values pertain to both models at a mean temperature of 100° K. Table
2 gives the optical depth in the continuum at the corresponding frequencies of the bands.
The latter table pertains to Model IT only.

The optical depth in the continuum is nearly constant across a band, but the depth in
the lines varies appreciably from one line to another (see Table 1). The lines with larger
optical depths will generate most of the scattered light. For simplicity, we may neglect
the lines with optical depths less than unity and treat the lines with depths larger than
unity with the radiative-transfer techniques appropriate to lines with large central
opacities.

VI. INTENSITIES OF RESONANT BANDS

To find the intensity of a resonant band v"-0, we shall derive the intensity of a P, Q, R
trio for a given J’ (see Fig. 1) and then sum up over all values of J'. The intensities of
P, Q, and R transitions, scattered in a direction 6 = cos™ u (the angle between the direc-
tion of emergence and the normal to the plane of the atmosphere), are given by equa-
tions (9) and (81) of Paper II:

Eii(m) . .
I, =509, S p; SRR s i=P O,R, @D

where 7F; is the solar flux in frequency j incident on the atmosphere in a direction 8, =
cos 1uo. In equation (21) and other subsequent equations the parameters k;, s;, and K; =
k; -+ s; are proportional to the line absorption coefficients «;*, the continuous absorp-
tion coefficient ¢;, and the total absorption coefficient «; 4+ o}, respectively (see egs.
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TABLE 1
OPTICAL DEPTH AT THE CENTER OF THE RESONANCE LINES OF THE LBH BANDS
J' 1 2 3 4 5 6 7 8 9 10 11 12 13 14

T, (v'J',v" =0)

-

v

0 Oe7 12 1¢5 1e¢6 1e¢5 1e3 1lel 068 066 0e4 063 062 0el 0.l
1 1le8 3¢l 349 Ge2 440 346 2.9 242 l1e6 lel 0e6 0e&4 063 0.l
2 2.6 406 5.8 602 600 5.3 “.3 303 20“ 106 101 007 004 002
3 268 409 662 606 60l 546 4eb 3e6 246 148 1el 0e7 0e& 062
4 2¢5 4e3 544 5¢8 56 449 440 36) 262 1e5 1¢0 006 0e4 0.2
5 169 3e¢3 4ol 4¢84 442 347 3el 23 1e7 1le2 0e8 065 003 0.2
6 le3 262 28 340 269 265 2¢1 1e6 162 068 05 063 0.2 0.l
7 Oet loed 168 149 le8 1lebd 1e3 160 0e7 065 0e¢3 002 061l 0.l
8 065 0e8 lel lel lel 1¢0 068 006 Oe& 0e3 0e2 Oel 0ol 0.0
9 0e3 Oeb Deb6 0.6 006 0.5 0.“ 003 002 002 001 001 000 000

[}
Tolv'J, v =0)
0 2.2 3.3 “ol Lol 403 3.9 303 206 200 104 1.0 006 00“ 002
1 5¢8 8¢9 1069 11e8 1166 1065 869 Tel 5e3 348 246 166 160 006
2 8e6 13e¢l 1661 17e¢4 170l 1565 134l 10e5 Te9 5e6 348 244 1le5 0.9
3 9e2 l4el 1763 1866 1863 16e6 14el 11le2 B8e4 60 el 2.6 1e6 0.9
4 Bel 12¢3 1541 1603 1600 14e5 1263 9e8 Tel 562 3¢5 203 1leb 0.8
5 6el 903 1let 1263 12¢) 11e0 9e3 Telt 566 460 27 1le7 1le0O 006
6 el 6Ged Te8 Beh Be2 Te5 663 56l 3e8 247 1e8 12 0e7 0e4
7 2¢6 400 4e9 5e3 5e2 4¢7T 4e0 3¢2 264 1leT 1e2 0e7 065 003
8 1e6 264 249 302 36l 268 24 1e¢9 1le& 1ea0 0e7 Oeé 0e3 0e2
9 0e9 led4 1le7 1e8 1e8 146 1o 1lel O0e8 066 0e4 062 02 0.l
!
Ta(v/'J,v" =0)

0 165 262 206 2¢9 2¢9 207 2¢4 2¢0 1e6 lel 048 065 003 0.2
1 Goel 58 Tel Te8 Te9 Tel 665 53 42 3¢l 242 15 09 046
2 600 Be6 1005 11¢5 1166 1069 905 Te9 6e2 &eb6 342 2,1 le4 0.8
3 608 902 11e3 1263 1264 1146 1002 Bel 606 464e9 3¢ 2e3 165 009
4 56 Bel 968 108 1068 10e2 Ba9 Te& 548 4¢3 3.0 260 1le3 0.8
5 4¢3 60l Te5 Be2 Boe2 TeTl 668 546 4ot 3,2 263 1e5 1le0 006
6 209 402 5ol 5e6 546 5e2 446 3¢8 340 2¢2 15 160 007 04
7 1e8 26 362 3045 3¢5 343 2¢9 264 1la9 le& 1eQ0 0e7 O0e4& 0.3
8 1ol 166 1e¢9 2e¢1 261 2¢0 1e7 1le4 1lel 0e8 066 O0e& 002 0.1
9 066 009 1ol 162 1e2 1lel 1e¢0 068 06 005 03 002 001 0.1

TABLE 2
CONTINUOUS OPTICAL DEPTH AT THE FREQUENCIES OF THE LBH BANDS,To{v’, V")

,v'o 1 2 3 4 5 6 1T 8 9 10 11 12

v

0 Tel 5e¢6 3¢8 260 007 0062

1 Te2 666 5l 3e2 15 046

2 606 Te3 603 46 249 le2 Oeb

3 365 66T Te2 508 Gosl 263 069 003

& 160 562 Te3 6e7 5e3 346 169 07 0.2

5 0e3 lel 665 Te3 645 5.9 3.1 1e4 004 0.l

6 0¢0 0¢84 3¢5 608 T3 509 4¢3 265 1lel O0eb

7 067 002 1e0 4e9 7¢2 Te2 504 348 201 008 003

8 0e2 0e2 062 lel 665 Te3 6e5 49 3¢2 1eb6 066 002
9 9¢5 0el 0el 1e¢0 3¢5 6e8 Te3 569 4u3 2.8 1e2 064 0ol
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[68]-[70] of Paper II). We shall need only the relative values of these coefficients. The
ratio of &’s is therefore given by equation (8):

kpikoikr=J' exp[—%B(O)(sf'-a—z)];
(22)

(27 +1 )exp[-—%B(O)]']:(]’—l— 1 )exp[Z—;B(O)J'] :

In virtue of the assumption of coherent scattering, these ratios are independent of fre-
quency within the line. The total absorption coefficient may be written as

Ki=ki+si=ki(1+fi): i=P7Q3R> (23)

riv) = S¢ __0i =?ﬁ(02) B:
t ki(v) k:(v) N:(N,) ai(”).

Here M:(Ny) is the integrated number of N. molecules in the corresponding lower level
of the sth transition.

The $-functions in equation (21) are defined by equation (80) of Paper II. An ap-
proximate expression for these functions is developed by Stibbs (1963):

@i(#) =Ewl(1’)[zH [Kl,u;a;él-’)zwl(y)]]—l' 1:’ l=P’ Q,Rr (25)
7 i

where the reduced albedo w(v) is defined by

_BO
CKiw) Y 14 ri()”

The reduced albedo will be distinguished from the ordinary albedo by explicit notation
of its frequency dependence. (For an explanation of the reduced albedo in eq. [25] see
the comments following eqs. [79] and [80] of Paper II.) In equation (25), H is Chandra-
sekhar’s H-function. For high values of the albedo, Stibbs’s approximate solution of
the $-functions appears to be more accurate than the approximate expression given by
equation (25) of Paper II.

In practice, one measures the integrated intensity of lines or bands rather than the
monochromatic intensity of equation (21). This integrated intensity is

Jilp) =f1.(p)dv
=%G¢ZF,- ki®i(p) 9ilm) o (27)

where

(24)

@i(v)

(26)

Kj#'l" Kpo

For the two models the integration of this equation should be performed with different
techniques of approximation.

For Model I, composed of pure nitrogen, there is no continuous absorption, and equa-
tion (27) takes the form

S ) =£42wiZijkj$i(“)@j(”0) . (28)

k:’ wt kipo
The H-functions appropriate to this equation may be obtained from equation (25) by

replacing all K;’s by k.’s. Under the assumption of coherent scattering, the ratio of %/’s
entering equation (25) and thence (28) is independent of frequency, so the whole inte-
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grand in equation (28) becomes independent of frequency. The expression for Ji(u)
now becomes

B« 5y, £i9Di(m)
Ji(n) = 1 @9 1) ZFJBVJ PETe (29)

Here we have used an effective line width, év;, over which the absorption coefficient
is significant. An approximate expression for it, as suggested in Paper I, may be taken
as the interval between the two frequencies in the profile where 74" = 1. From this
criterion and the relation

i = 7509 exp [ — 2 (v —». )2 /v 2U?],
one gets

ov; =2 _[cl vel[ln 75( 1172, (30)

For Model II an evaluation of equation (27) does not require this sharp cutoff of the
profile if continuous absorption effectively cuts it off first. From equations (23) and (1),
one has

Ki=ki14+7r:(v)] =ki[1+b; exp(2?)], (31)

_ N0 B
v %i(Nz) ai(Vc),

and a;(v.) is the absorption coefficient per molecule at the center of the profile. By substi-
tuting for K, in equation (27) and changing the variable of integration from » to x give

_Uvepo re EiD:(p)9i( o) g
Jilw) = c 4E‘ZF]/;ookj(e"”"i'bj)#'f"ki(é_xz'l'bi)#oe dw. (2

Apart from the factor exp (—x?), the rest of the integrand is a smooth and continuous
function of x. The integral is in a suitable form to be evaluated by Laplace’s method,?

which gives
k989 (o)
TKiOu+ K Oup

where

b x=c(”"'”c)/chv

(33)

Uy o
. = pl/2 276 F0 & (¢
ilw) = w2 P (w) DUF
A superscript (¢) in this equation indicates that the quantity in question should be
evaluated at the center of the line, where x = 0 and exp (—«?) is maximum.

It should be noted that the validity of solution (33) lies on the implicit assumption
that the integrand of equation (32), apart from the exponential factor, be a slowly vary-
ing function of x (i.e., frequency). The $-functions ordinarily satisfy this condition and
indeed do vary slowly with the albedo and the absorption coefficients, which are variable
across the profile. However, the condition that the denominator in equation (32) also
be a slow function of x clearly requires a large b;, the ratio of continuous absorption to
the line absorption at the center of the profile. Thus equation (33) was used for the
resonant bands with "’ = 0, 1, 2, 3, 4, and 9, at which the continuous optical depth is
greater than, or equal to, unity (see Table 2). For the resonant bands with v/ = 5, 6, 7,

3 In general, one may write

~B 2T 172
tg(x ~ tg [
\/a.f(x)eg()dx"’f(g‘)e (g‘)[—'tg”(f)] ’

where ¢ is that value of x at which g(z) is maximum and g”(¢) is the second derivitive of g(x) evaluated
at {. The formula holds for a < { < 8 Laplace’s method is a special case of the more general method of
steepest descent, which evaluates complex integrals.
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and 8, however, at which the continuous optical depth is less than unity, equation (32)
was integrated numerically. The details of this technique are developed in equations
(36)—(40) of Paper I.

The scattered total intensity in the resonant band becomes

Su) =27 >, ulw). 34)

J' P,Q,R

One observes that @ + @r = @ and for large continuous absorption, Kp = Kqg =
Kkg. In this case one can show from equation (73) of Paper II that Ip 4+ Iz = Iq, a
relation that holds exactly when Q transitions are not coupled to P and R transitions.
In fact, by a method similar to that of section IIb of Paper II one can prove that the
above relation holds to a high degree of approximation for any value of continuous ab-
sorption. The effect of possible A-type doubling in the II-state of the N, molecule is to
decouple the Q transitions from P and R transitions. Nevertheless the above discussion
shows that the total intensity of all three transitions remains unaffected.

VII. INTENSITIES OF FLUORESCENT BANDS

As in resonant bands, we shall again find the intensity in a fluorescent P, Q, R trio
for a given J’ and then sum over all values of J’ (see Fig. 1).

From equation (24) of Paper I and equations (31)-(33) and (37) of Paper II, the
scattered intensities of any two lines ¢ and 7, with the same upper level, are related by the
following equation:

K; K;
'w—ili(Ki#)=w__JIj(Kj#)- 33)

Let j be a resonant line (either P, Q, or R) inv"” = 0 band and 7 be the desired fluorescent
line in o > 0 band. For a fluorescent line, k;(v'') = 0 and K;(»"") = s:(v""). Hence
equation (35) becomes

m:(v"’) K Ku "_
3:00) sio) L\Si(ey " ‘°>’

Ii(p,0") = i=P,Q,R, @9

where the resonant intensity on the right side is given by equation (21), which takes the
form

Ku $q (v") kiDi( o)
L (s(v") ) 730 9 <s<v">)>: i Rnr s "

Substituting this expression in equation (36) yields

"y — 1 ki@j(#O) ..
Ii(p,0") GJ (") D (s (y"))EFJ Kip+ s:(0" ) o’ i,j=P,Q,R. 38

For Model I, with no continuous absorption, equation (36) reduces to
I(p,v ”)_1”Ow(v”)\@(w)zF@J(ﬂo) (39)

An exact expression for §i( ) is derived in the appendix. Using this value, we find

Ti(wv'") =1 Zlas(v") (1 —2@) T 2 Fi%i ). 40)

© American Astronomical Society ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1963ApJ...138..720S

730 YOUSEF SOBOUTI Vol. 138

The integrated intensity becomes
&(m")=% @:(2")(1 — Zwy) sz 529 ( o), (v

where 8»; is again given by equation (30).

For Model II, if the corresponding continuous optical depths are less than unity, we
integrate equation (38) numerically, otherwise integrate it by Laplace’s method, which
gives

Uy, .uo Kp )2 k(2959 (o)
. "y = q1/2 =25 " ;(0) .
31(’“‘)‘0 ) ™ c ( )@ ( Il) i Kj(c)ﬂ l s,;('l)l');.to “2)

For both models the total scattered intensity in the fluorescent band »'—v"’ is given
by summing all the lines, as in equation (34).

VIII. RAYLEIGH SCATTERING

The solar radiation may be scattered by the atmospheric molecules according to
Rayleigh’s law and form a continuum for the diffusely scattered LBH bands. This
scattering will, however, take place in the presence of O, which continuously absorbs
the sunlight. Let 8(O.) and 8(Ray) be the cross-sections per molecule for the continuous
absorption by O; and the Rayleigh scattering by N, molecules, respectively. The albedo
of Rayleigh scattering then may be written as

N(N;)B(Ray)

= . (
@(Ray) = §(¥,)8 (Ray) + N (05) 6 (05) 2
An expression for B(Ray) is
5
B (Ray) =———1§in a?, (44)

where the polarizability, a, of the scattering particle in terms of the index of refraction,
n, and the number density of the particles, N, is

n—1
2w N’

Allen (1955) has compiled the values of # for the air at standard temperature and
pressure. From his data we have calculated a and then used it to obtain 8 at A\ 1200-
2400 A. The values of B(Ray), together, with the absorption cross-sections for Os, Os,
and CO, are listed in Table 3. The cross-sections for O, and O; are from Watanabe
(1958) and from Ditchburn and Young (1962). The cross-sections for CO; are from Inn,
Watanabe, and Zelikoff (1953).

Shortward of 1759 A, O, absorbs in Schumann-Runge continuum with cross-sections
which are greater than the Rayleigh cross-sections by factors of the order of 108 Hence
not only the albedo of equation (43) will be correspondingly low (by factors of about 10*
for 1 per cent O, concentration), but also at that region of the atmosphere where O; has
enormous optical depths the Rayleigh scattering will produce a negligibly small optical
depth. Shortward of 1759 A, the Rayleigh-scattered intensities are calculated from

(45)

a=

Imy(p)=%am”+#o§1—exp[—f i+i‘: 1t s6)

which is the expression for the intensity of primary scattering (Chandrasekhar 1950, p.
217). In equation (46) 7 is the sum of the optical depths of the atmosphere for Rayleigh
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scattering and for the O, absorption and @ is the albedo given by equation (43). Because
of the very small values of the optical depth with respect to Rayleigh scattering, the
secondary and higher-order scatterings should be unimportant. We have also assumed
that the Rayleigh scattering is isotropic, which may affect the final results by factors
ranging from 1 to 2, depending on the scattering direction.

The Martian atmosphere contains about 2 per cent CO; (Grandjean and Goody
1955; Goody 1957), which, according to Chamberlain (1962), is confined to altitudes be-
low 125 km. In the region A\ 1200-1750 A, absorption cross-sections for CO, are about
10° times greater than those for Rayleigh scattering. In view of these considerations, we
have assumed that CO, absorbs virtually all the sunlight below 125 km and that Ray-
leigh scattering occurs only above this level. Above 125 km the atmosphere contains
about 2.5 X 102° molecules/cm? column. For both Models I and II, we have calculated
the continuum intensity from equation (46) and have plotted it in Figure 3. The neces-
sary values of the solar flux, #F), have been taken from Friedman (1961) and Hinte-
regger (1961). The results of Figure 3 may be regarded as only slightly better than an
order-of-magnitude estimate.

TABLE 3

ABSORPTION CROSS-SECTIONS PER MOLECULE FOR RAYLEIGH
SCATTERING, Os ABSORPTION, AND O3 ABSORPTION*

A B(Ray) B(02) B(03) B(CO2)
A) (cm?) (cm?) (cm?) (cm?)
1200 4 2(—24) ~ 15(—18) | ~1 (—=17) ~T7(—20)
1400 1 9(—24) 13 8(—18) | ~7 (—18) ~6(—19)
1600 9 8(—25) 5 3(—18) 1 1(—18) ~2(—19)
1750 6 6(—25) 2 6(—19) 7 8(—18) ~2(—20)
1800 5 7(=29) 15 0(—24) 7 4(—19)
2000 3 3(~-25) 13 0(—24) 2 9(—19)
2200 2 1(—25) 6 4(—24) 1 9(—18)
2400 1 4(-25) 1 0(—24) 8 6(—18)

* In this table a number ¢ X 107 is written ¢(p)

Longward of 1759 A, O, absorbs in the Herzberg continuum with cross-sections only
6 to 30 times those of the Rayleigh scattering. Hence, for small O, concentrations, the
latter may compete with, or even dominate, the O, absorption. Cross-sections for CO;
are not known in this wavelength region. If they are much lower than the values listed
in Table 3, then lower regions of the atmosphere may participate in Rayleigh scattering
and produce a strong continuum. On the other hand, O; has large cross-sections in the
near ultraviolet, and an ozone concentration of 1/10° would be sufficient to suppress
the Rayleigh scattering. The amount of ozone in the atmosphere of Mars, however, is
likely to be negligible. The lack of an adequate knowledge of the cross-sections for CO;
and of the concentrations of the minor constituents of the Martian atmosphere seems to
rule out the possibility of a definite statement regarding the magnitude of the continuum
in the near ultraviolet.

IX. RESULTS AND DISCUSSION

The values of the solar flux, #F,, used in calculating the band intensities are listed
in Table 4. They are obtained from Friedman (1961) and Hinteregger (1961). The solar
flux at Mars is only half the value at the earth. The wavelengths in this table are those
of the resonant bands of the LBH system. It is assumed that the incident flux is constant
across a band. The enhancement of the solar energy at the 9-0 band (A 1205 A) may
or may not be real. This band is in the immediate neighborhood of a Si 111 line (A 1206 A)
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that has a strong intensity in the solar spectrum (Hinteregger 1961). It is difficult to
decide whether the apparent high flux at A 1205 A is due to the extended wings of the
Si 111 line or to a false impression resulting from poor wavelength resolution. There also
seem to be certain emission features in the neighborhood of the 4-0 and 5-0 bands
(Friedman 1961), so that the solar fluxes quoted for the positions of these bands should
be accepted only with some reservation.

Table 4 also includes an effective width for the resonant bands, defined as the wave-
length interval between the band head and that rotational line in the P-branch which
has unit optical depth at its center. The band heads in the LBH system are degraded to
the violet and the P-transitions are degraded to the red. The effective width, so defined,
provides a typical value representing the extent of a band. The specific intensity (i.e.,
the intensity per unit wavelength interval) of a band may simply be obtained by divid-
ing the entire intensity of the band by its effective width.

The band intensities for Models I and IT are calculated by an IBM 7090 electronic
computer and are listed in Tables 5 and 6. The uncertainty in the values of the incident
solar flux is considerable. And the absolute intensities of Tables 5 and 6 may require
important corrections when better data are available. On the other hand, the bands

TABLE 4
ADOPTED SOLAR FLUXES AT MARS (1073 erg/cm? sec A)

0 1 2 3 4 5 6 7 8 9
MA) 1450 | 1416 | 1384 | 1354 | 1325 | 1298 | 1273 | 1249 | 1227 | 1205
wF), 50 30 20 20 235 25 15 15 20 40
SN (A) 13 20 22 21 20 18 15 12 09 06

arising from one and the same v’ level use the same value of solar flux. The relative
intensities of such bands are not affected by the uncertainties in the solar flux.

QOne should also note that the formulae of this paper are developed primarily for large
optical depths. They may not be very adequate for optical depths of the order of unity
For 7 > 3 the errors arising from the mathematical approximations should be trivial,
appearing only in the third significant figure. The corresponding relative intensities may
then be trusted up to the second figure. Those corresponding to 2 < 7 < 3 may have
only the first figure correct. The optical depths of Tables 1 and 2 should serve as guides
in estimating the accuracy of the relative intensities.

The variations in the intensity of one resonant band and one fluorescent band across
the disk of the planet are shown in Figure 2. The same bands are plotted for both Models
I and II. Limb brightening is, of course, a characteristic feature of all bands in both
models, although, for the resonance bands, the added path length also means extra at-
tenuation of the emerging beam. The effect of continuous absorption in reducing the
intensities of Model II is drastic. In the example of Figure 2, however, the continuous
absorption is rather large. There are many other bands with considerably low continuous
absorption across them (consult Table 2).

Figure 3 illustrates the band intensities of both models plotted versus wavelength.
All these bands arise from the selective absorptions at only 10 resonant frequencies
listed in Table 4. The contrast between the two diagrams of the two models, especially
in the interval 1300-1700 A, due to O, absorption is again striking. The dotted curves in
Figure 3 show the specific intensity (i.e., intensity per A) of the continuum produced by
Rayleigh scattering, which is to be compared with the intensities for the LBH system.
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The task of comparison is greatly simplified if one notes that the effective widths of the
bands are of the order of 1-2 A (consult Table 4), so that the same numbers representing
the integrated intensities may also represent the specific intensities of the bands within
factors ranging from 1 to 2. At least shortward of 1750 A, the band intensities are con-
siderably higher than the Rayleigh continuum and may be amenable to measurements.

I wish to express my indebtedness to Dr. J. W. Chamberlain for suggesting this prob-

lem and for his advice and patience throughout the course of the study.

APPENDIX

ON AN INTEGRAL PROPERTY OF 9-FUNCTIONS
Chandrasekhar (1950, p. 106) establishes the following theorem for. his H-functions:

1
of H(wdu=2[1-(1-o)"]. an
0
Employing his technique, we shall derive an analogous expression for
1
W; i du.
fo Si(u)dp
The defining equation for O-functions is (eq. [48] of Paper II)
_Ou(p)

=1 ® 2l ‘. A2
Oi(u) += @(u)z zsz Font ko du (A2)

We multiply this equation by @;, integrate over u, and sum over all values of ::
1
zwi_/o. Oi(u)du= Zwi
1 Yo [ gt 8:(w) 9u(w) dudy
2 % 7 * o Yo kl#"l'kiﬂl ’ ! '

The second term on the right side is independent of the pair of indices 2, /, and the pair of vari-
ables u, u/. We interchange the indices 7,  and the variables u, p’ in equation (A3) and take the
average of resulting equation with (A3):

Zw¢f01©¢(u)du= Zwi
EPD Zwiwz;/o‘l/:@i(#)@z(u')dudﬂ',
%[Zwifol-@i(u)dur—[Zm/{;l\@i(u)du]-i-Zwi=0. (A5)

From this equation we have

1
Stof Silwde=201—(1—-32w:)1]. (ho)

(A3)

(A4)

or
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An expression for §;(® ) may be obtained from equation (A6) From the defining equation
(A2) we have

i) =1+39:(=) Do f ©:1(u)aw, @)
!

Substituting for the summation term from equation (A6) and solving for () gives
Di(o) =9;(0)=(1—Zm;) 2. a8)

It appears that many other properties of Chandrasekhar’s H-functions (and the X- and Y-
functions encountered with optically finite atmospheres) can easily be generalized to the case
of §-functions (and the X- and 9)-functions, see Paper II)
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