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ABSTRACT

Chandrasekhar’s principles of invariance are used to solve the transfer equation of non-coherent scat-
tering for the intensity of the diffusely reflected and transmitted radiation.

I. INTRODUCTION

Besides a computational approach to the problem of the non-coherent scattering of
light, one finds two other techniques in the literature: (1) a method of principles of in-
variance, or a generalization of it, a method of invariant imbedding, and (2) a probabilis-
tic technique originally formulated by Sobolev. Examples of the first technique are
Busbridge (1953, 1955), Bellman, Kalaba, and Ueno (1962), and Sobouti (1962); ex-
amples of the second are Sobolev (1954), Ueno (1956, 1958a, b, ¢, d), and Ivanov (1963,
1965).

All these authors have invariably assumed isotropic and completely non-coherent
scattering. They have found that the solutions are expressible in terms of an “H-func-
tion” in the case of semi-infinite atmospheres and in terms of a pair of “X- and ¥-func-
tions” in the case of finite atmospheres. In the following we relax the conditions of both
isotropic scattering and complete non-coherence and solve the non-coherent transfer
equation. The development requires an extension of Chandrasekhar’s principles of in-
variance,

II. EQUATION OF TRANSFER

Let us consider a plane parallel atmosphere scattering in a non-coherent manner and
illuminated by unidirectional radiation. The specific intensity of the diffuse radiation is
governed by the following equation:

aL,(tn) _
M dt - kav(t,n)
1 ) Nt e (1)
— — S S koL (t,0) po (1) d' A
47r »! Q7

- %fkvono [exp (— kl'o t/MO)]PwD(n,“no)dVo )

where the notation is as follows:
n = unit vector specifying a direction of radiation,

u = cos 6, where 0 is the angle between n and the z-axis chosen perpendicular to
the plane of the atmosphere,

dt = —dz[k,dv = kdz, where «, is the volume absorption coefficient of the
medium,
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k, = k,/x, a normalized absorption coefficient (k,d¢ is then an element of the
optical depth at frequency »),

I,(¢,n) = specific intensity of the diffuse radiation at the frequency », at the optical
depth £, and in the direction n,

wF,, = radiation flux falling on the atmosphere in direction —no (a plus or minus
sign preceding a direction vector indicates whether the direction in question
is upward or downward with respect to the z-axis),

p.»(n,n’) = phase function for single scattering. It is the fraction of energy absorbed
from a beam of frequency v/, direction n’ that scatters into frequency »,
direction n,

dQ' = element of solid angle around a direction vector n’. The integration is to be
effected over all solid angles Q.

The derivation of equation (1) may be found in the literature cited in § I. In §§ IIT
and IV we shall discuss the phase function p,,/(n,n’) in some detail. Here we note only
that this general form may cover cases of partial or complete redistribution in frequency.
In particular, a partial non-coherence of the form p,,» = a,,6(v — ') + b,,» reduces
equation (1) to that of Ambartsumyan (1958). Hummer (1962) critically examined the
function p,, (referred to as redistribution function) for moving particles and worked out
a number of explicit examples.

III. A SOLUTION OF THE EQUATION OF NON-COHERENT SCATTERING

To obtain solutions for the diffuse radiation emerging from the atmosphere, one ap-
plies Chandrasekhar’s principles of invariance with the necessary generalizations (cf.
Chandrasekhar 1950). Let the diffusely reflected and transmitted radiation from the
top and bottom of the atmosphere be given by

1,(0,+n) = 4—1” S Fy, S, (7| n,n0) dvo (2)
and
IV(T)_n) = i fFvoTvyo(T] n,no)dV() ’ (3)

respectively, where 7 is the total optical thickness of the atmosphere.

To obtain the scattering function S,,,, the transmission function T,,, and their
derivatives, we shall make use of the following four principles:

1. The intensity I, (¢, +n) in the outward direction results from the diffuse reflection
of the reduced incident flux, 7F,, exp (—Fk..¢/uo), and the diffuse reflection of the radia-
tion I, (¢, —n’) incident on the atmosphere of optical thickness (7 — £) below ¢, in all
frequencies »’. That is:

Lt 4n) = Zlﬁ S Folexp (= by 1/ua)]Sun,(r — ] mmo)dng (
Vo 4)

1 S S So(r — t|n,n)L,(t,—n')d/dY .
47]’“ y Q7

2. The intensity I, (!, —n) in the inward direction results from the transmission of the
incident flux, 7F,,, by the atmosphere of thickness ¢, above the surface ¢, and the reflec-
tion by this same surface of the diffuse radiation incident on it from below, in all fre-
quencies »’. That is:
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Lt—n) = ~ S B, To (| nn0)dv0 4+ —— S S St nn) Lo, +1')dd2 . (5)
4u s, dmu S @

3. The intensity 7,(0,4-n) of equation (2), reflected by the entire atmosphere, is
equivalent to the diffuse reflection of the incident flux, #F,,, by the atmosphere of optical
thickness ¢ and the transmission by this same atmosphere of the diffuse radiation
I,.({,+n’) incident on the surface ¢ from below. That is:

ﬁ S Fo S, (r] mmo)dve = [exp (— kt| WL (t,+n) + —1— =~ S o St my )
K (6)

o S LT

4. The intensity 7,(r,—n) of equation (3), transmitted by the entire atmosphere, is
equivalent to the transmission of the reduced incident flux, wF,, exp(—£Z,,¢/uo), and the
diffuse radiation I,.(f,—n’) incident on the surface ¢ by the atmosphere of thickness
(7 — ) below £ That is:

Z—Z .f F, T, (r| n,no)dvy = [exp (= k(r — )/w)lL.(t,—n)

+ ;;t S Efexp (= by /il (e = tnddn (1)

+ ——” S S Torlr = tln,) L (t,—n)dv'ag .

It should be noted that in the above equation and the subsequent ones the angle integra-
tion, d€’, is carried out over the positive or the negative hemisphere, depending on
whether the integrand in question contains outwardly or inwardly directed radiation,
respectively.

To solve equations (4)—(7) for .S,,, and T,,,, one takes the following steps:

a) Differentiation with respect to ¢, followed by passing to the limit of { = 0 in equa-
tions (4) and (6), and to the limit of I = 7 in equations (5) and (7).

b) (S;lbstltutlon for the derivatives dI,/dt (evaluated at ¢ = 0 or { = 7) from equa-
tion (1

¢) Expressing I,/(0,+n’) and 7,/(r,—n’) in terms of the scattering and transmission
functions of equations (2) and (3).

d) Equating the coefficients of F,, in the final results.

For example, equation (4) can be reduced in the following manner. Differentiating
with respect to { and letting / = 0 yield

d 1
[.L[B; I”(t’-l—n)];:o = — ZIIQ‘ :{1 FvokvOSwu (T|n,n0)d”0

- 1./. vy a Spyn(Tl n no)dVO
1 (®)
+ o ,fﬁ['S,,,f(T{n,n)

_‘é e 130!
X [dt 1. n)]t=odv s .
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The boundary condition 7,(0,—n) = 0 is used to derive equation (8). Another boundary
condition is 7,(7,+n) = 0 and will be used to derive equations (12)-(14) below. From
transfer equation (1), one gets

d ’ . i !
[ 100], = i f bt i

L S Sl (= 10V L (0,4 ) a4

47]"1’ pir Qe

_I_

1 9
= 3 f Pobubrn (=1, =)o ©)

1 ky ’ 1"
+T6——_' fffFvo PV’P”(—n ,+n'"")

71‘"[ I’ p'r Qe ,_l,l,
X Sy, (0" yn0) dvody’ dQ""

where the second equality is obtained by expressing 7, (0,4+n") in terms of the scatter-
ing function of equation (2). For brevity we have omitted 7 in S,,,(r|n,no) and will
continue to do so in subsequent equations. By the same procedure it follows that

d B
w5 LA ] = Loy S S ()

t=0

- i—fFvokvono (+n,—'no)dV0

1 B (10)
— 71z fffFvo “L/f pwre(+n,+n"")

167 v V' QM
X Syrry, (0" o) dvody’ Q" .

On substituting expressions (9) and (10) in equation (8) and on equating the coef-
ficients F,,, one obtains

12+ 5215 () + 2 S ) = by (=0
p + Pl L 37 Srro{mme) = Ky, o, (10, — 1o

g L b 1) S ()0

yll

k,
+ —-1~ ff —_7 Sl'l"(n)n,)pv'vﬂ(—n,,_no)dVldﬂ, <11)
47[’ v Q! M

’

1 ky' ’ ’ "
+ 1672 ffff 77 SW'(n)n )PV’V”("—n :+n )
v M

» oyt Qr Q7 l[,,

X Sy (0 n0)dy’dv"' QY Q" .
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Similarly, equations (5)—(7) yield

M (k + k"op"”o(—l_n’_no)
or

A 6_k"rlﬂf f /’/ PV"”(+n I,)TV”VQ(n”7n0)dV”dQ”

1

Tt

ek ‘r/[.loff TW (n n )PV ,0(+n -——no)dv’dQ/ (12)

1 kyr ’ ’ 1"
Faes S S S o Do) p oty

161[' p!' oyt Qr Q!

X Tyrry, (0", no) dv’dv” Y A2,

B () + S fesp (= b)Y (= 7= )

+ = ff II Pw”( n,—n”)Ty ,,o(n",no)dv”dﬂ”

471" Qe

4— lexp (— &y, 7/10)] ff 7 Sy (n,n') porsy (41", — no)dv' d’ (13)

_!__ _]i’_’i'_ ’ '
+ 1672 'fyfsifg'[ P Su(n,n) pyryr (1, —n"")

X Ty, (0 10) d' " dYV Q"

and

wo (n nO)

Tw (n,n) -I— 9

_k"T/“ kvopwo (_ n,— nO)

+ %r e_k”‘r/”./‘ f kl;,?, va"(_n7+n”)SV”vo(n”;nO)dV”dQH

p't Qr M

f f 7 Ty (") pyry (— 1, — o) dv' A (14)

t 15 S S S S 2 T () p (= )

Sy, (0, n0)dv" dv'' dQ' Q" .

For layers of infinite optical thickness T',,,, 85,,,/d7, and 8T,,,/d7 tend to zero. Equa-
tion (11), the only one of equations (11)-(14) remaining, reduces to
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kv k"o
1 Ry 17, 17 1" 3077
+ Z;,fg[F P (Fn,+n"")S,, (0" ,n0)dv"’ dQ
b,
+ é fd/‘ i Sy (n,n") pyry (— 1’y — no)dv' A (15)
1 kv" '
T 6m f L S o) (=l )

X Sy, (0" no)dv'dy" dQY Q" .

In actual physical problems, the phase function satisfies the following reciprocity
equation
kv pw(nyn') = kypy(—n',—n) , (16)

which states that the probability of absorption of a (»’,n") photon followed by the
emission of a (v,n) photon is equal to the probability of the inverse process. If one
further requires that ,,-(n,n’) is a function of the angle between the directions n and
n’ alone, irrespective of the sign of the angle, one finds that

pw(n,n') = pp(—n,—n') = p,.(n',n). @17
Let us define the transposed of a function ,,/(n,n") as
Yo (n,n') = Y, (n',n) . (18)

Following Chandrasekhar (1950), we prove that the scattering and transmission func-
tions are respectively equal to their transposed functions. From the definitions of diffuse

reflection and transmission, it follows that S,,,(n,no) and T,,,(n,no) tend to zero as
z——» 0. )Hence, from equations (11) and (12) we get the following asymptotic formulas
r—0):

d 5+ 550 0m) = b in—noft — e [~(B 4+ 2 ]E a0
an
% Sw, (1,10) = by p1 (+1,— o) €xp [—(%‘ + % T] ‘ (20)

These equations show that, in view of the reciprocity equation (16), .S,,,(n,no) and its
derivative are equal to their transposed functions for small values of r. Hence, by a
series expansion of S,,, and §’,,, about a particular small 7, one deduces that they are
equal for 7 4 dr and therefore for all values of 7. With the same reasoning, one also
proves the equality of T,,, and 7,,,.

Equations (11)—(15) yield exact solutions for the problem of non-coherent scattering.
As far as the author is aware, they have not appeared in the literature before. Their
prohibitively complicated appearance may seem to limit their practical application. In
practice, however, their non-linear character proves more apt for numerical calculations
than the original linear equation (1). They are particularly suitable for treatment by
iterative methods. For example, one may take the first terms on the right sides of equa-
tions (11)—(15) as the first iterates for the corresponding expressions on the left sides and
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then readily evaluate the second iterates. Since the first iterates thus chosen are actually
the solutions of the single scattering case, the second iterates lead to reasonably accurate
results when 7 is small.

IV. A REDUCTION OF EQUATIONS (11)—(14)

Let v denote the angle between the two directions n and n’. In view of equation (17),
one may write the following Legendre expansion:

N

by (') = 22y WPy (cos 7)

N N . . (= m)!
= ;n;n(z — Bom) @y @ (—1) nF m)! (21)

X Pom(w) P (u') cos m(¢ — ¢')

N
= Z:Oampw’(m)(”yﬂl) Ccos m(¢ - ¢,) )

where the second equality follows from the addition theorem for P, (cos 7), the last
equality defines the symbols $,,,™(u,u’) and @, = (2 — dom). From the reciprocity
equation (16), one concludes that

aw’(n) = av’v<n) (223')
and

P (stt”) = o™ (=, —p') = P () . (22b)

In view of the expansion of equation (21), the scattering and transmission functions may
correspondingly be expanded:

N

va’(n’n,) = ZOSW,(M)(#:“',) Cos m(¢‘ - ¢I) (23)
and B
N

T, (n,n') = ZOTW'('”)(M,M') cos m(¢ — ¢') . (24)

Hereafter we shall suppress the superscript 7 and denote .. by a. By substituting these
expansions in equations (11)-(14) and equating the coefficients of cos m(¢ — ¢’) on both
sides, one derives the following equations for S,,. ™, T,,-™ and their derivatives:

k, .k, 9Sv, (1, o)
(7; + " )Sw., (1,10) + — = apuv, (4, — to)

14

1
du
+ %~[ b/‘PVV"(“;M’/)Sv”VO (N“,Mo)dV” M”
14

1 . ’ ’ ’ P‘, ~(25)
+ 7[?)/.510"(#;“ )pt"x'o(_,u ,“‘Mo)dV —“7“

1 1 1
10 S LS S S ) o (=i )

v 0
dﬂ'l dﬂ.”
X Sv”vo (#”’I-‘O)dV,dV” ;,— 71,,—’- y
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0Sm(,
_y = eXp ( 4+ - ) ano (ﬂ'; MO)

144

+ %6 kVT/”‘[: .()/I.Pw"(ﬂ; ,’)Tv"vo (:U' Mo )dV" —;’-—
v

1
du’ 26
+ 3lexp(—knt/p0) 1S E,/‘Tw'(M,u');bw,,(u',—uo)dV' CE (26)
d 4 d 144
4:(1 f;,/'.f./‘Tw (l‘;/-’-,)Pv’v”( y M )Tv n (M,,,MO)dV,dV”#‘%‘ ’
k, 0T vy (1,
B ) + ) (e (— /), i)
' 7 " d,u,
szva"(u,u )T yrey, (1 ypi0) dv
o (27)
1 d[l.,
+ 5 [exp (— kv.,T/uo)].[ S Sonr (st porn, (', — o) @’ >
7 ! ! d d "
+1 f[fvav () Poryrr (s — 1) Ty, (0 o) o' B! : ;, ,
and
k Yo oT Y¥o (M ,uo)
—2 — ONPIWT = ket
o Two(#,#o) + or (7 "dﬁwn(#;#o)
1 dp.”
3 S S o (=) S (W) B =
1 dﬂ,
-+ %‘[‘./.Tw’(l‘)”’)l)v’vo (H-’,llo)dV' _/_ (28)
7 dﬂ dﬂ'"

+ J‘fffTW (/“"/J' )PV’P”( L 7/1'")51"’1'0 (ﬂ',,;ﬂ' )dV’dV

It should be noticed that the components S,, (u,u”) and T,/ (u,u’), like the original
scattering and transmission functions, remain invariant under transposition.

V. SPECIAL CASE OF SEPARABLE PHASE FUNCTIONS

The case of isotropic scattering with complete redistribution in frequency has a par-
ticularly simple phase function, such that the expression k,p,,/(n,n") (actually 1ndepend-
ent of n and n’) factors into two terms, each dependmg on either variable » or » (see,
e.g., Sobolev 1956). This same situation, i.e., separation of the pair of variables (,u,v)
and (u',v"), may exist for some of the components, P +(u,u’), of the phase function in
equations (25)-(28). For example, if a,,’@ of equation (21) factors, then so does the
corresponding p,,» ™ (u,u’). A similar separation of p and u’ actually does take place
in some coherent scattering problems (see Chandrasekhar 1950).

Let us assume that some ,, (u,u’) takes the following form:

P (uou”) = YWy (W) = G(—w (—u') . (29)
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The second equality follows from equation (22b). Substitution of equation (29) in
equations (25)- (28), using the symmetry properties of .S,,,(u,u,) and T',,(k,u0) under
transposition, gives

b, 3Swm, (-1t
(e 2)50 ) + 22— g, () XX ), G0)
3wy (.t
) i (=) V) Vo ) (31)
e o) + T, () X, T, (0 (32
and
kv aTVV 0
T o) + o) g () V00 X, i) (33)
where
- 1 . n Yo (—4) d_,u,i ’
and
Vi) = bt o f S T ag) ) B g (3

On eliminating the derivatives of S and T from equations (30)-(33), one obtains

k,
(% + ;f)svvo (:U'W'O) = d\ﬁy(#)¢yu (—-MO) [X"(l“") X”o (on) - Y"(M) Y"O (uo)] (36)

and
ky

ks
P ,TO)T (ot0) = @ (), (o) [ X, () Vo, () — V() (Xl . (37)

If we use equations (36) and (37) to substitute for .S,,, and T,,, in equations (34) and
(35), we obtain

_ M I'IIV'(I"'/)‘»&N’(_IJ'/) ’ ’ 1.t
X,(w) =145 ‘fbf Fom R [X,(w) Xy () — V() Yy (w)]dv'du’ (38)

and

V,(u) = ¢ hrln + & J'f ¢ (u) [Y WX, W) — X, Y, (w)]dv'du' . (39)

Sobouti (1962) considered the problem of isotropic, non-coherent scattering in discrete
frequencies with or without absorption in the continuum, and he derived a set of func-
tions that emerge as special cases of the X, and ¥, of equations (38) and (39) above.
Ivanov (1963) studied the problem of isotropic, non-coherent scattering without con-
tinuous absorption and derived another special case of the same equations. Ivanov used
Sobolev’s technique of deriving an equation for the probability of quantum escape from
the scattering medium. This method, although quite elegant and concise in solving iso-
tropic scattering problems, has not been demonstrated to possess the generality and
flexibility of Chandrasekhar’s method in handling problems with any phase function of
the form p,,/(n,n’) or in dealing with questions of polarization.
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I am very much indebted to Professor I. W. Busbridge for a stimulating discussion
on the early development of non-coherent scattering.
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