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Principal structure of digital communication systems

channel
encoder

source
encoder

=
=

u r
source channel demo-
¢ decoder decoder dulator
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- The term “fractal” was first used by mathematician Benoit
Mandelbrot in 1975. A fractal is an abstract object used to
describe and simulate naturally occurring objects. Artificially
created fractals commonly exhibit similar patterns at
Increasingly small scales. It is also known as expanding
symmetry or evolving symmetry. If the replication is exactly the
same at every scale, it is called a self-similar pattern. See the
following figure.



Saeid Alikhani-Jan 2023

o Mandelbort fractal
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- An independent set of a graph G Is a set of vertices where no
two vertices are adjacent. The independence number is the size
of a maximum independent set in the graph and denoted by
a(G). For a graph G, let i}, denote the number of independent

sets of cardinality k in G (k= 0,1,...,k). The independence
polynomial of G,

(G X)= Y= ixx”
IS the generating polynomial for the independent sequence (iy, i1,
(yeeey ig)-
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- Theorem (Hoede and Li, 1994)
- For any vertex v of a graph G,
1(G,X) = I(G-v,x) + xI(G-[Vv],X)
- where [v] is the closed neighbourhood of v, contains of v,
together with all vertices incident with v.
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- Theorem (Alikhani & Peng, 2011)
- For any positive integer n,

Tl_—l
J.(x) = HL=21 (Zx + 1+ 2x cos ZSTn) .

Where, J,,(x) Is Jacobsthal Polynomial

Jo(z) = Jpooi(x) + 205 (x)
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- Corollary (Alikhani & Peng, 2011)
- For any positive integer n, J.,(x) has the following zeros.

() _ _ 1 <=—,S=1,2, ..., {n_—l‘

S 2(1+cos=-) 2
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- Theorem (Alikhani & Peng, 2011)
- For any positive integer n,

1(By, X) = Jn42(X).
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- Corollary (Alikhani & Peng, 2011)
- For any integer n, I(P,, x) has the following zeros,

(n) - _ 1 ln+1‘

s=1,2,..,|—
S A AN )~ )
2(1+ COS‘n+2)
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- For two graphs G and H, let G[H] be the graph with vertex set
V(G) x V(H) and such that vertex (a,x) Is adjacent to vertex
(b,y) if and only if a is adjacent to b (in G) or a = b and x is
adjacent to y (in H). The graph G[H] is the lexicographic
product (or composition) of G and H, and can be thought of as
the graph arising from G and H by substituting a copy of H for
every vertex of G.
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- For a point z, € C, its forward orbit with respect to f Is the set
0% (z9) = {f°%(20)}- Where f°% is the map fofo ... of and
£°@as the identity map.

- For a polynomial f, its filled Julia set K(f ) is the set of all
points z whose forward orbit 0™ (z) is bounded in (G, |.|). Its
Julia set J (f ) is the boundary dk(f) and its Fatou set F(f ) is
the complement of J (f) in C.
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- The independence fractal or independence attractor of a graph G
IS the set

1(G) = Ill_r)glo Roots (I(Gk,x)),

where G* = G[G[...]]. (Note that for two graphs G and H, G[H]
IS the lexicographic product or composition of G and H).
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- Example: For G = P3, the independence roots of G are shown
In the following figure.

4 0.8
73
{—\,‘—-’"' "‘My—'} 0.6
P I I L"?, AN - 0.4
7 7 - ! 4 I
b
25 = 5 s 05
k(.-‘-u“' '1‘& N . .qu Vv-\-.f’ e
\‘{'J"‘"'QJJ' L P e N
L 3 _'_.n] -
. e 08
L .
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- Question: For a graph G, what happens to the roots of the
independence polynomials 1(G*, x) as k— oo?
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Figure: Independence fractal of P3.
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Fig.  Independence fractal for C7, W7 and Pj,, respectively
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The importance of the number -1 as a root

Theorem. Let G be a non-empty graph, and denote n(G) be the multiplicity of —1
asarootof [(G,x). If n(G)<1,thenZ(G)=JU(G,x)—1).

Corollary (i) Foreveryn e N, Z(P,) = J (U (Py,x) — 1) =T (Jya2(x) — 1).
() Foreveryn = 3, 7(C,) = J(U(Cp,x) — 1) =T (Jpr1(x) + xJp—1(x) — 1).
(i1) Forevervodd n =5, Z(W,) =T U (W,.x) — 1) =T (J,(x) + xJ—2(x) +
x—1).Also Z(W3,11) =T U (W3p41,x) — ) =T (J3p41(X) + x 31 (x) +x — 1)
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96

Attract := proc(f,z,N)

local A,w,r,xx,yy,0ldRts ,NewRts,pts,i,j,n,symb:
n := degree(f):

A := table():

pts := NULL:

0ldRts := [op({fsolve(f.x,complex)} minus {z})1:
pts := pts, [Re(z),Im(=z)] ,op(map([Re,Im] ,01dRt=)):
while nops(0ldRts) > O do

NewRts := NULL:

for i from 1 to nops(0ldRts) do

w := [fsolve(£f-0ldRts[i] ,x,complex)]:

for j from 1 to n do

r = wljl:

xx := ceil(N*(Re(xr))):
¥y := ceil (N=(Im(r)d)):
if Alxx,yyl<>1 then
Alxx,.yy]l ::= 1:

NewRts ::= NewRts,r:
pts := pts, [Re(xr),Im(x)l:
fi:

od:

od:

0OldRts := [NewRts]:
od:

pts := [pts]:

symb := cross:

for i from 1 to min(nops(pts),20) do
if pts(i]J[2] <> O then

symb := point:
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i := min(nops(pts),20):

fi:

od:

if symb=point then

print(‘Points calculated. Plotting...‘):

else

print(‘Attractor is Real. Plotting...‘):

fi:
plot(pts,style=point,symbol=symb,colour=black,scaling=constrained);
end;
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Theorem Let f be a polynomial of degree at least two.

(1) Its Julia set J(f) is connected if and only if the forward orbit of each of its
critical points is bounded in (C, |.]).

(11) Its Julia set J(f) is totally disconnected if (but not only if) the forward orbit of
each of its critical points is unbounded in (C, |.]).
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Abstract The independence polynomial of a graph G is the polvnomial Z:’kx"",
where {; denote the number of independent sets of cardinality & in G. In this paper,
we obtain the relationships between the independence polynomial of path P, and
cycle €, with Jacobsthal polynomial. We find all roots of Jacobsthal polynomial. As
a consequence, the roots of independence polynomial of the family {Px} and {C,}
are real and dense in (—ocC, —}1]. Also we investigate the independence fractals or
independence attractors of paths, cycles, wheels and certain trees.

Keywords Jacobsthal polynomial - Independence polynomial - Independence
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Abstract

Let & be a simple graph. By an independent set in &, we mean a set of pairwise
non-adjacent vertices in . The independence polynomial of (¢ is defined as Igi{z) =
in+iz +f2£2 + o tin ™, where iy = im((F) is the number of independent sets in &
with cardinality m and o = @ {({7') denotes the cardinality of a largest independent set in
7 (known as the independence number of 7). Let G* denote the k-times lexicographic
product of ¢ with itself. The set of roots of fgx 1s known to converge as k tends to o,
with respect to the Hausdorff metric, and the limiting set is known as the independence
attractor. The independence fractal of a graph is the limiting set of roots of the reduced
independence polynomial /i — | of G* as k tends to oc. In this article, we consider
the independence fractals of graphs with independence number 3. We attempt to find
all such graphs whose independence fractal is a line segment. It is shown that the
independence fractal and the independence attractor coincide when the earlier is a
line segment. The line segment turns out to be an interval [—;, 0] fork {1, 2,3, 4}.
It is found that each of these graphs have 9 vertices and there are exactly 13 such
disconnected graphs. We show that there does not exist any connected graph for & = 4.
For & = |, there are 17 such connected graphs and for & = 2, 3 the number is guite
large.

Keywords Independence polynomials - Independence fractals - Line segments -
Graphs
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Definition (Alikhani & Peng, 2008)

The domination polynomial of a graph G of order n is the polynomial

n

D(G.x)= ) d(G.i)x,

i=1(6)

where d(G, i) is the number of dominating sets of G of size /, and v(G) is the
domination number of G.
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Example

The path P, on 4 vertices, for example, has one dominating set of cardinality 4,
four dominating sets of cardinalities 3 and 2; its domination polynomial is then
D(Py, x) = x* + 4x> + 4x2

Example

As another example, it is easy to see that, for every n € N,
D(K,.x)=(1+x)"-1.
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Applications

Domination reliability is a network reliability measure for some particular kind of
service networks, which related to the domination polynomial of a graph.

RELIABILITY AND
MAINTENANCE

NETWORKS AND SYSTEMS

Frank Beicheit
Peter Tittmann
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) Thanks for your attention!

Saeid Alikhani




