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Introduction

Assume that X is real vector space and f : X → R ∪ {±∞} is a function. We define
its domain (or effective domain) as

D (f ) = dom f = {x ∈ X : f (x) <∞} .

Also, the epigraph of f is defined by

epi f = {(x, r) ∈ X × R : f (x) ≤ r} .

The function f is called proper if dom f 6= ∅ and f (x) > −∞ for each x ∈ X.
In addition, f is said to be convex when for all x, y ∈ X and for each t ∈ [0, 1],

f ((1− t) x + ty) ≤ (1− t) f (x) + tf (y) .

We say that f is concave if the function −f is convex and f is affine whenever it is
both convex and concave.
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Now assume that X is a topological vector space. A function f : X → R ∪ {±∞} is
called lower semicontinuous (briefly, lsc) if and only if epi f is closed.

Note that f is called upper semicontinuous (shortly, usc) if −f is lsc.
The Fenchel conjugate of f is the function f ∗ : X∗ → R ∪ {±∞} defined by

f ∗ (x∗) = sup
x∈X
{〈x∗, x〉 − f (x)} .
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Assume that X is Hausdorff LCS and f : X → R ∪ {±∞} is a function.

If f (x) ∈ R, then the subdifferential of f at x is denoted by ∂f (x) and is defined as the
set of all x∗ ∈ X∗ satisfying

〈x∗, y− x〉 ≤ f (y)− f (x) .

When f (x) /∈ R we define ∂f (x) = ∅. We say that f is subdifferentiable at x if
∂f (x) 6= ∅.
Note that ∂f is a set-valued map from X to X∗.
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Monotone operators

Let X be Hausdorff LCS and T : X → 2X∗
be a map. This T is often called a

multivalued operator form X to X∗. The domain, range and graph of T are,
respectively, defined by

D (T) = dom T = {x ∈ X : T (x) 6= ∅} , R (T) = {x∗ ∈ X∗ : ∃x ∈ X; x∗ ∈ T (x)} ,

grT = {(x, x∗) ∈ X × X∗ : x ∈ domT and x∗ ∈ T (x)} .
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Definition
A set M ⊂ X × X∗ is
(i) monotone if 〈y∗ − x∗, y− x〉 ≥ 0 whenever (x, x∗) ∈ M and (y, y∗) ∈ M;

(ii) maximal monotone if it is monotone and it is not properly included in any other
monotone subset of X × X∗. That is, if M1 is a monotone subset of X × X∗ and M ⊂
M1, then M = M1.

In the next definition, we will formulate the definition of monotone operators in terms
of their graphs.
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Definition

An operator T : X → 2X∗
is called

(i) monotone if grT is monotone;

(ii) maximal monotone if grT is maximal monotone;
(iii) cyclically monotone, if for every cycle x1, x2, ..., xn+1 = x1 in X and each
x∗i ∈ T (xi) for i = 1, ..., n,

n∑
i=1

〈x∗i , xi+1 − xi〉 ≤ 0.

The multifunction J (·) := ∂( 1
2 ‖·‖

2
) : X → 2X∗

is called the duality mapping of X.
The following holds

J (x) =
{

x∗ ∈ X∗ : 〈x∗, x〉 = ‖x‖2
= ‖x∗‖2

}
.

Note that since ( 1
2 ‖·‖

2
) is proper, lsc and convex, J is maximal monotone. When X is

a Hilbert space, then J = I.
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Monotone bifunctions

X a Banach space, C ⊆ X nonempty.
A bifunction F : C × C→ R is called monotone if

∀x, y ∈ C, F (x, y) + F (y, x) ≤ 0.

We usually (not always) assume that

∀x ∈ C, F(x, x) = 0.

The equilibrium problem: find x0 ∈ C such that

∀y ∈ C, F(x0, y) ≥ 0.

Blum E. and Oettli W., From optimization and variational inequalities to equilibrium
problems, Math. Student 63, 123-145 (1994).
Special cases of equilibrium problems: variational inequalities, fixed point problems,
saddle point problems.
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Maximal monotone bifunctions
Given any bifunction F : C × C→ R, one defines AF : X → 2X∗

by

AF(x) =
{
{x∗ ∈ X∗ : ∀y ∈ C,F (x, y) ≥ 〈x∗, y− x〉} if x ∈ C,

∅ if x /∈ C

If F is monotone, then AF is a monotone operator.
A monotone bifunction F will be called maximal monotone if AF is maximal
monotone.
[Hadjisavvas, Katibzadeh, Maximal monotonicity of bifunctions. Optimization 59
(2010)]
Blum-Oettli: a monotone bifunction F : C × C→ R is called BO-maximal
monotone, if for every (x, x∗) ∈ C × X∗ the following implication holds:

F(y, x) + 〈x∗, y− x〉 ≤ 0, ∀y ∈ C =⇒ 〈x∗, y− x〉 ≤ F(x, y), ∀y ∈ C.

Proposition
If F : C × C→ R is maximal monotone, then it is BO-maximal monotone.
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The converse is not true in general, but it is true if C is convex, F(x, ·) is lsc and
convex, and F(x, x) = 0 for all x ∈ C (Ait-Mansour, Chbani, Riahi).

[Krauss, Nonlin. Analysis 1985]
Given an operator T : X → 2X∗

, define the bifunction GT : D(T)× D (T)→ R:

GT (x, y) = sup
x∗∈T(x)

〈x∗, y− x〉.

Then GT(x, x) = 0, ∀x ∈ D(T) and is monotone if T is monotone. In general,
T ⊆ AGT . Whenever T is maximal monotone, GT is also maximal monotone and
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Locally bounded bifunctions
We recall: an operator T : X → 2X∗

is called locally bounded at x0 ∈ X if there exist
ε > 0 and k > 0 such that ‖x∗‖ ≤ k for all x∗ ∈ T(x), x ∈ B(x0, ε).

Basic properties: If T is monotone, then T is locally bounded at every point of
intD(T). If intD(T) 6= ∅ and T is maximal monotone, then T is never locally
bounded at points of the boundary of D(T).
[Rockafellar, 1970 and Libor Vesely 1992].

Definition
A bifunction F is called locally bounded at x0 ∈ X if there exist ε > 0 and k ∈ R such
that F (x, y) ≤ k for all x and y in C ∩ B (x0, ε). We call it locally bounded on a set K
if it is locally bounded at every x ∈ K.

Theorem
Let X be a Banach space, C ⊆ X a set, and F : C × C→ R a monotone bifunction
such that for every x ∈ C, F(x, ·) is lsc and quasiconvex. Assume that for some
x0 ∈ intC there exists a neighborhood B(x0, ε) ⊆ C such that for each x ∈ B(x0, ε),
F(x, ·) is bounded from below on B(x0, ε). Then F is locally bounded at x0.
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A four-decade history of monotone bifunctions

1980–1989
It seems Krauss is the first one who linked the monotone and maximal monotone
operators and saddle bifunctions.

[Maximal monotone operators and saddle functions. I. Z. Anal. Anwendungen
(1986)]
and
[A representation of maximal monotone operators by saddle functions. Rev.
Roumaine Math. Pures Appl. (1985)].
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1990–1999

Blum, Oettli: From optimization and variational inequalities to equilibrium problems.
Math. Student (1994), (Citation 1166; Note: all citations of journal 1,639 from 1939
up to now).

”Utilizing a suitable choice of the function F, it is shown that the equilibrium problem
contains, as special cases, optimization problems, complementarity problems, fixed
point problems, variational inequalities and problems of Nash equilibria.”
It seems for the first time they introduce the notion of monotone bifunction.
Oettli, Théra :On maximal monotonicity of perturbed mappings. Boll. Un. Mat. Ital.
A (1995). Bianchi, Schaible: Generalized monotone bifunctions and equilibrium
problems. J. Optim. Theory Appl.(1996).
Bianchi, Hadjisavvas and Schaible: Vector Equilibrium Problems with generalized
Monotone Bifunctions, J. Optim. Theory App. (1997).
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2000–2009

Chadli, Chbani, Riahi: Equilibrium problems with generalized monotone bifunctions
and applications to variational inequalities. J. Optim. Theory Appl. (2000).

Ait Mansour obtained some nice results regarding the monotone bifunction in his
Ph.D. thesis [ his supervisor was Riahi] and advanced enough in this subject (2002).
Ait Mansour, Chbani, Riahi: Recession bifunction and solvability of noncoercive
equilibrium problems. Commun. Appl. Anal. (2003).
”They prove an existence result assuming, in particular, the monotonicity and
maximality of F. To this aim, they prove a criterion of maximality for monotone
bifunctions in the setting of a reflexive Banach space, and an equivalence result
between the maximality of the monotone function F and the maximal monotonicity of
the associated operator.”
Chbani, Zaki and Riahi: Variational principles for monotone and maximal
bifunctions. Serdica Math. J. 29 (2003).
Aoyama, Kimura and Takahashi: Maximal monotone operators and maximal
monotone functions for equilibrium problems J. Convex Anal. (2008).
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2010–2020– 2023

Hadjisavvas, Khatibzadeh: Maximal monotonicity of bifunctions. Optimization 59
(2010).

”They find conditions for a bifunction to be maximal monotone and show the relation
to the existence of solutions of an equilibrium problem. Also, they defined and
studied cyclically monotone bifunctions”.
Alizadeh, Hadjisavvas: Local boundedness of monotone bifunctions. J. Global
Optim. 53 (2012).
Boţ, Sorin-Mihai: Approaching the maximal monotonicity of bifunctions via
representative functions. J. Convex Anal. (2012).
”The authors use results from the theory of representative functions in order to extend
and improve known results regarding (maximal) monotone bifunctions.”
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Optim. 53 (2012).
Boţ, Sorin-Mihai: Approaching the maximal monotonicity of bifunctions via
representative functions. J. Convex Anal. (2012).
”The authors use results from the theory of representative functions in order to extend
and improve known results regarding (maximal) monotone bifunctions.”
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Alizadeh, Hadjisavvas: On the Fitzpatrick transform of a monotone bifunction.
Optimization 62 (2013).

”A new definition of monotone bifunctions is given (normal bifunction), which is a
slight generalization of the original definition given by Blum and Oettli, but which is
better suited for relating monotone bifunctions to monotone operators.
In this new definition, the Fitzpatrick transform of a maximal monotone bifunction is
introduced to correspond exactly to the Fitzpatrick function of a maximal monotone
operator in case the bifunction is constructed starting from the operator. Whenever the
monotone bifunction is lower semicontinuous and convex concerning its second
variable, the Fitzpatrick transform permits obtaining results on its maximal
monotonicity.” Alizadeh, Bianchi, Hadjisavvas, Pini: On cyclic and n-cyclic
monotonicity of bifunctions. J. Global. Optim. (2014) ”The main scope of this paper
is to introduce and study the notions of n-cyclic monotonicity, maximal n-cyclic
monotonicity and BO-maximal n-cyclic monotonicity for bifunctions, in relation to
the associated diagonal subdifferential operators.
To do that, a Fitzpatrick type transform of order n for bifunctions is considered where
n can be also infinite. Various properties of this transform are proven and later
employed for showing the main statements.
The normal bifunctions associated with monotone operators are investigated, too,
within the same context. Several well-chosen examples illustrate the results of the
paper.”
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Hao, Liu, Sun: Splitting methods for monotone operators and bifunctions. J.
Nonlinear Sci. Appl. (2016).

Hadjisavvas, Jacinto, Martı́nez-Legaz: Some conditions for maximal monotonicity of
bifunctions. Set-Valued Var. Anal. (2016).
”The authors derive characterizations of the maximality of a monotone bifunction
acting on a reflexive Banach space. Such functions arise in the study of various types
of equilibrium problems. The analysis relies on a connection with the maximality
properties of monotone operators.”
Sattarzadeh, Mohebi: General resolvent of monotone bifunctions. J. Nonlinear
Convex Anal. (2018).
Bianchi, Hadjisavvas, Pini: Representative functions of maximally monotone
operators and bifunctions. Math. Program. (2018).
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What remains to be done

Maximal monotone bifunction theory has had a recent reflowering. There are still
many interesting open problems in this context to be solved and many
counter-examples to be found.

We are far from knowing the final story.
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