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Agenda:

» Fluid: Definition

* Rheology: Elementary concepts
* Navier-Stokes Equation

e Basic Solutions

e Dilute Suspension

e Non Newtonian
e OldRoyd Model
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Fluid:

Deborah number, a measure of fluidity

Relaxation time in response
to an externally applied force
Trelax Y app

De =

TE‘XP Observation time
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Rheology:

How does the system respond to an external force?

V — I
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Viscosity: How does the system respond to an externally applied force?
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Some examples
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Active Suspensions:

Bacillus Subtilis |
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Rheometry: Elementary tools

Two cylinders, cone and plate

Dimensional Analysis for water
T

=~ 1T
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Rheometry: Elementary tools

Two cylinder, cone and plate
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Rheometry: Elementary tools

Two cylinder, cone and plate

Dimensional Analysis for water

/'\Q—Tf‘kg
N~ 77
[T
_q/
Ve 7'M
m i
ARNUM - w = ¢/ & Vol /Yo 5 = oY 1] B ot o \e o Pa.s

T ~ \/w = Ve 'Ts



8/26
Non-Newtonian

A Stress

Shear Thinning

7
7

Dl/ewtonian

Strainﬁtte
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Toward the governing equations:

Velocity field U(X, t)

Acceleration field
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Toward the governing equations:

Velocity field u(xj t)
Acceleration field

a(x,t)=(u(x+8x,t+8t)—u(x,t))/dt=¢

%u(x, t) = (% +u- V) u(x, t)
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Toward the governing equations:

Velocity field U(X, t)
Acceleration field

a(x,t)=(u(x+8x,t+8t)—u(x,t))/dt=¢

%u(x, t) = (% +u- V) u(x, t)

. (X t) Stress Tensor: i'th component of the
O-U 9 .
the force exerted on a surface that is
pointed to j direction

dfy = Oppdsy + 0pyds, + 04,ds,

f_——jtgc:r-dsT:
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Governing equations Gfrare

u(x,t) ij(x,t) T R

a Umy(m,y.d/z,z)
\VE (pu) T Ep — o Continuity equation

d
p(x, t) X dv X d—tu(x, t) = F(x,t) X dv

d d

d

O (z+d/2,y,z)
rr +

F, = d x[ogm(r+ ;,'y,z) — Ogu (X — ?,'y,z) + oy, y + ;,z)
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Governing Equations:

ou, .
0, =N—7-=MY
Phenomenological model for stress tensor
Ou;  Ou; ‘///////
J
050 = —Pog +m I
v K ( ox j 85{33

%u(x, t) = (% +u - V) u(x, t)



12/26

Hydrodynamics:

Navier-Stokes Equation
p(%—l—u- V) u(x, t) = nV2u(x,t) — VP(x,t), V.u=0

The Millennium Prize: 10°$, The Clay Mathematics Institute of
Cambridge, Massachusetts (CMI)
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Colloid's Universe: Low Reynolds Regime:

p(gtJru-V)quJrnVQu, V-u=0
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Colloid's Universe: Low Reynolds Regime:

) .
0 (C +u - V) u=-Vp+nVu, V.-u=0

ot
p(u-Viu] pV/L  pVL

Re = ~ —
’ nV'u n/L’ 0

L=0.1um, V=1um/S, n=10 °PaS, p=10°>Kg/m’

Re <« 1

nV'u(x) — VP(x) = f(x), V.u(x) = s
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Hydrodynamics:
nV'u(x) — VP(x) = f(x), V.u(x)= -
Point force: F
f(x) = Fo(x)
o \ o
u; (x) = Z Gijly, |Gij = s (0i5 + 7i75)
J
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Hydrodynamics:
nV'u(x) — VP(x) = f(x), V.u(x)= -
F(x) = Fo(x)
= Z GijFj, | Gij = Mr\nfr (0¢4 + 775 )
Force Dipole:

\d %F
= (G(x+d) - G(x)) - F _fo

ZG Pk Py = diF

8 \ . . . A
ik = 6$k Gij — W (5@?‘;6 — 5@1ij -+ 53',137‘1' -+ V?‘ﬂ“j?"k)

GE
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Multipole Expansion:

(%) = Z Gijb; + Z G;gkpjk
3 7,k

+- Z G?jkztjkf + AY6 Sl e gl pdad o

7,k,l
\
Gii = —— (8ij + i
J A’zrm‘( ‘?+ J)
0
GP, = —Gyj
1k 8£Ek J
Q _ 0 D
Gijlm = =g,

0T,
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Moving Sphere:
UE(X) — Z bng'j -+ Pj
J

u(x)‘x:R = V.
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Moving Sphere: -
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Sphere in shear flow:
u(x) =T x
u(x) = u™(x) + u’(x)
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Sphere in shear flow: 0
u>(x) =T -x = {0
u(x) = u™(x) + u’(x) 0

u'(x) =0, x— oo
uv(x)=-T-x, x—a

u’(x) = Force Dipole + Sourse Quadrapole
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Sphere in shear flow: 0 0 O
uDO(x) — r . X r — 0 0 &
u) =u () +u'(x)  \0 0 0/ @ ==
u'(x) =0, x— o -~

uv(x)=-T-x, x—a
u’(x) = Force Dipole + Sourse Quadrapole

u’; = Ggﬁ{jl + Qjj1qjr Gg = 01G; Qi1 = 8;'8!”?
5 a°

1 2
S = 8?1'?”]5((' +d") = —FO?’;&“Q’(I' +r'
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Passive suspension: Einstein's theory

PR

””vux

In the presence of colloids, the applied force should do much work
to establish the same velocity profile as in the bare fluid
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Passive suspension: Einstein's theory

PR

””vux

In the presence of colloids, the applied force should do much work
to establish the same velocity profile as in the bare fluid

Einstein 1906

neﬁ =7 (]_ —+ gc + O(C)z)
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Passive suspension: Einstein's theory

eff )

T Y ‘

In the presence of colloids, the applied force should do much work
to establish the same velocity profile as in the bare fluid

Perrin+Einstein 1909 /Einstein 1906
5

77 n(1+2c—|—(9())
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Passive suspension: Einstein's theory

eff )

T Y ‘

In the presence of colloids, the applied force should do much work
to establish the same velocity profile as in the bare fluid

Perrin+Einstein 1909 /Emstem 1906 ’ o
nteractions:
D

Batchelor 1972
et =n 1+ 5C + O(c)?
Fluctuations:
Batchelor 1977
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ou;  Ou; A4
ij = —Poij : !
- aj+n(axj+axi) ®

1 1 1
(oji) = / oiidv = / oiidv + / ojidv
b V v J| V V-V, 1| V vy |

/ Ok(okixi) = / (Okowj)xi + / O kjOki
Jv Vv V
faij,-nk =0 +/ Tjj
S v

oijdv + — / XiO jk N ds
So

Vv
7

1
P(SU ‘I‘ F/(a Uj _|_ d U,))dv ‘I‘ V / X_,-'ij-‘ds f} p— J;’k”k
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ou;  Ou, \%
ij = —Poij : !
- 5j+n(axj+a%) ®

1 1 1
(o)) = / oiidv = / oiidv + / ojidv
J) V v J] V V-V, 1) V vy )

/ Ok(okixi) = / (Okowj)xi + / O kjOki
Jv Vv V
faij,-nk =0 +/ Tjj
S v

1
— J'-dv+—/ X;O il Ny ds
V vy, V Js,
1 I

= /V M C L L \// xifids ;= ojni

1
6&-/ Pdv—l—fr;((&-uj—i—ﬁju;))-l—v/ (xifi—n(uinj+ujn;))ds
V—Vn Sﬂ
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U; U V
= — Pl - .
ot ( -+ ) ®

1 1 1
(o)) = / oiidv = / a,—-dv—l—/ ojidv
J) V v J] V V-V, 1) V vy )
/ Ok(okixi) = / (Okowj)xi + / O kjOki
JV % V

faij,-nk = {J +/ Tjj
5 V

1
P(SU ‘I‘ F/(a Uj _|_ d U,))dv ‘I‘ V / X_,-'ij-‘ds f} p— J;’k”k

[ 1
/ Pdv+n((0;uj+0;u;)) + v; / (xifi—n(uinj+ujn;))ds
V—Va Js.

/ Pdv + n{(0;u; + Oju;)) + VS”
V—Vq
\ Force Dipole

/ oijdv + — / XiO jk N ds
/ :
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Simple shear flow
u(x) ="r-x

1
n((0iu; + Ojui)) + 75& =n(FT+TT)+0
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Simple shear flow
u(x) ="r-x

1
n((0iu; + Ojui)) + v 2 = n(F+TT)+0

Simple shear flow + Sph
imple shear tlow + Sphere | 20

1
n((0iuj + Oju;)) + Vsr'j = n(l + |-T) + VTWE?’(F + |-T)

n— (1+5/2¢)n

6= N(3ma)/(V)
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on Newtonian Behavior:

Microscopic anisotropy

/ I
o o N\I‘l‘l‘lll i/
I: Intrinsic — Liquid Crystal "/’\"“"m ” |\|

AN

II: Induced anisotropy — Polymeric solutions

=i
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on Newtonian Behavior:

Microscopic anisotropy

N
e L N Ay
sl = HAREEISE AN

NI

II: Induced anisotropy — Polymeric solutions

AN N NN NN N NN Time scale for external force
g @ OO O / /
K & & & ¥ < T4 NN

Molecules will not have enough time to
response and reach their isotropic structure

Relaxation time for water=\ © W S

Molecular relaxation time

We expect to see N-N behavior in water for frequencies >\ o A Hz
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Phenomenological Description:

- 77(7)% Opz = Ozy = °,

Oyz — Uyy:N\(;Y)a Uyy_o-zz:NTW)
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Phenomenological Description:

Oy = 77(7)% Opz = Ozy = °

Oyz — Uyy:N\(;Y)a Uyy_O-ZZ:NTW)

Normal Stress Differences Macroscopic Manifestation:
Weisenberg Effect
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Phenomenological Description:

Opy = 77(7)% Opz = Ozy = °,

Oyz — Uyy:N\(;Y)a Uyy_UZZ:NTW)

Normal Stress Differences Macroscopic Manifestation:
Weisenberg Effect

Shear thlckemng Viscosity increases by increasing external shear
u\ 9 g.J).b Lunlis ngwj U'“J"

Shegr thinning: Viscosity decreases by increasing external shear
xS o 09y o
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Phenomenological Description:

Opy = 77(7)% Opz = Ozy = °,

Oyz — Uyy:N\(;Y)a Uyy_UZZ:NTW)

Normal Stress Differences Macroscopic Manifestation:
Weisenberg Effect

Shear thlckemng Viscosity increases by increasing external shear
u\ 9 g.J).b Lunlis ngwj U'“J"

Shegr thinning: Viscosity decreases by increasing external shear
xS u*“’ 09y o

Viscoelastic Behavior — Kelvin Voigt Model

o=Gy+m o(t) = G@ ()
Y(t) = v e~ Gw) =G —iwn




23/26
Molecular Anisotropy: Microscopic Model

smna(Vy — Vy —u(z +r1) +u(z)) = —Ykr

Frna(Vy - u(x))
Frna(Vy = u(x 4 1))
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Molecular Anisotropy: Microscopic Model

smna(Vy — Vy —u(z +r1) +u(z)) = —Ykr

d
Pﬂ'na%r = —Ykr + fmna(r - V)u(x)
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Molecular Anisotropy: Microscopic Model

smna(Vy — Vy —u(z +r1) +u(z)) = —Ykr

d
Pﬂ'na%r = —Ykr + fmna(r - V)u(x)

d \ \ £
—r=——r+ (r-V)u(x)+ f(t
dt Y7 ( Julx) (9?77?"3) ) T = #rna/¥k

(fi(t) f;(t") = YEkpT6;56(t — t')
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Molecular Anisotropy: Microscopic Model

smna(Vy — Vy —u(z +r1) +u(z)) = —Ykr

d
Pﬂ'na%r = —Ykr + fmna(r - V)u(x)

d \ \ T
—r=——r+4 (r-V)u(x) + f(t
dt Y7 ( Julx) (9?77?"1) ) T = #rna/¥k

(fi(t) f;(t") = YEkpT6;56(t — t')

ol . ds = (kr)(Nr - ds) o = Nkrr r =r(x,t)
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Molecular Anisotropy: Microscopic Model

smna(Vy — Vy —u(z +r1) +u(z)) = —Ykr

d
Pﬂ'na%r = —Ykr + fmna(r - V)u(x)

d \ \ T
—r=——r+4 (r-V)u(x) + f(t
dt Y7 ( Julx) (9?77?"1) ) T = #rna/¥k

(fi(t) f;(t") = YEkpT6;56(t — t')

ol . ds = (kr)(Nr - ds) o = Nkrr r =r(x,t)
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Molecular Anisotropy: Microscopic Model

smna(Vy — Vy —u(z +r1) +u(z)) = —Ykr

d
Pﬂ'na%r = —Ykr + fmna(r - V)u(x)

d \ \ T
—r=——r+4 (r-V)u(x) + f(t
dt Y7 ( Julx) (9?77?"1) ) T = #rna/¥k

(fi(t) f;(t") = YEkpT6;56(t — t')

ol . ds = (kr)(Nr - ds) o = Nkrr r =r(x,t)




23/26
Molecular Anisotropy: Microscopic Model

smna(Vy — Vy —u(z +r) +u(zx)) = —Ykr

d
Fﬂna%r = —Ykr + #mna(r - V)u(x)

d \ \ T
—r=——r+ (r-V)u(x) + f(t)
e A R e R

(fi(t) f;(t") = YEkpT6;56(t — t')

o' - ds = (kr)(Nr - ds) o = Nkrr r =r(x,t)

\J
After averaging over noise, it is easy to show: 2 = o'
NkpT

(a-i—u-V)E—E-Vu—VuT-E——\(Z—I)
ot T
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OldRoyd Model (

o= —PIl+p(Vu+vul)+g¢x2 9= NksT

0

3_ )u—VJ V.-u=-o,
0

ot "

)z} 3. Vu- VuTE_——(Z} I)
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OldRoyd Model E‘FU'V)U—V'CR V-ou=e,

ot
o=—PI+nVu+Vu' )+g¢g¥X 9—=7vVEB

Response to a simple shear flow:

: ° 0 Z:m: 2y
u=(yy,°,°) vu_(;}( ) 2‘(3@ Zyi)

(a-I—u-V)E—E-Vu—VuT-E——\(Z—I)
T
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OldRoyd Model (E‘FU'V)U—V'E V-ou=e,
(a-l-u-V)E—E-Vu—VuT-E—\(Z—I)
ot T
)
o=—Pl+n(Va+vul)+¢x 9= NksT

Response to a simple shear flow:

: ° 0 Z:m: 2y
u=(yy,°,°) vu_(;}( ) E_(gmy Zyi)

#(Yzmy Eyy)_\(ilm—\ ry )
2iyy ’ T 2y 2iyy — )
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OldRoyd Model —+U'V)U—V'Ua Vou=-e,

9, T )
(at%-u-V)E—E-Vu—Vu -E——;(Z—I)

o= —PIl+n(Vu+vul)+g2 9= NksT

Response to a simple shear flow:

] o 9 9 . me Emy
u=(yy,°,°) Vu—(;y ) 2_(E:ﬂy >3
Eyy 9 T Zmy Zyy - \

digx = ) + \""}’T’.i"‘lr.J Emy = "'}”T, Eyy =\ T = fmna/¥k

N\ = Ogg — Oyy = Ygy' '

_P : \ Y'Y Y .
g_( ‘ ”7)+g( + Y4’ WT)
ny =P AT \ Ne =1+ 97 =1\ +¢€)

e = (Y )7NkpTa/k
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Response to an harmonic shear flow:

u= (Jy,°,°)

A(t) = aw coswt

~/

Ozy = G(w)y(t)

G(w)=G,(w)+iG;(w)
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