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Abstract

The motion of a prolate object in an external shear flow is analyzed.

1 Statement of the Problem

Jeffery [1] demonstrated that a prolate object immersed in an external shear flow experiences a hy-
drodynamic torque from the fluid. Let 7 denote the director of the elongated (prolate) particle. The
semi-major and semi-minor axes of this particle are given by ¢ and A¢ (A < 1 for a prolate particle).
The dynamical equation for the director is:
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where I denotes the unit tensor and D = D~ + AD™T. Here, the symmetric and anti-symmetric parts
of the velocity gradient tensor are denoted by:

D* = %(Vv +vvh). (2)

The anisotropy of the particle is represented by the dimensionless coefficient

A% —1
= AT 1 (for a prolate particle, A < 0). (3)
Another mathematical fact is that:
(I—-nn)-D”-n=D" -n, (4)

indicating that the anti-symmetric part of the velocity gradient has no component along the director
vector.
To study the details of the motion, consider a flow field given by:

u = Ayyi. (5)
The velocity gradient tensor is: _
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In terms of polar and azimuthal angles § and ¢, we have:
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Some useful equations are:

DT-n = %(sin@ sin ¢Z + sin 6 cos ¢9),
D™ - = %(—sin@sinqﬁi—l—sin@cosgb@),
n-DY A = #sin?0Osin¢cos o,
a-D”-n = 0. (9)

Substituting these results into the dynamical equation, we get:

¢ =—1(1+ Acos2¢), (10)
0 = — A7 sin 20 sin 2¢.
Tt is instructive to rephrase the equations in terms of the aspect ratio (length over diameter) r = % B
% > 1:
b= —haleosort i), (1)
=1 :"_2_7_1 sin 26 sin 2¢.

Integrating the first equation is straightforward:

tan(o(t)) = 1 tan(wt), w !

r 14 7“2;% (12)

where ¢(t = 0) = 0. The message hidden in the above equation is simple to understand. For a spherical
particle with r = 1, we expect to see a simple revolution of the sphere around the z-axis as ¢(t) = —wt.
The minus sign reflects the fact that our chosen flow has rotation in the —2 direction. The frequency
of rotation is determined by the strength of the shear flow. For elongated particles, in addition to
the azimuthal angle, the polar angle also evolves in a non-trivial way dictated by the above nonlinear
dynamical equation.
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