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Banded Matrices

• A large proportion of the matrix elements equal to 
zero
• e.g., boundary value problems

• Banded Matrice
• If the nonzero elements are concentrated around the 

main diagonal



Band Matrix Definition 

• A matrix A is said to be a band matrix if there are natural 
numbers p and q such that

• Find p and q?

• bandwidth of the matrix w = p+q+1



How one can use this property?

• Storing?

• Solving linear systems of equations



Example: tridiagonal matrix (p = q = 1)

• Stored in three vectors

• Utilize the structure in solving Ax=b
• How?



LU factorization for a tridiagonal matrix 𝑨𝒉𝑼 = 𝒇







solving Ax=b in tridiagonal matrix 
• Assume A is diagonally dominant, so that no pivoting is needed.

• How many operations (multiplications and additions) and divisions?



Operations for computing the LU 
decomposition 

• In the kth step of Gaussian elimination?

• The total number of flops?



Operations for computing the LU 
decomposition 

• In the kth step of Gaussian elimination, one 
operates on an (n−k+1)×(n−k+1) submatrix, 

• The total number of flops: 



Gaussian elimination with partial pivoting

• If A has band width w = q + p + 1 (q diagonals under 
the main diagonal and p over), then, with partial 
pivoting, the factor U will have band width 

wU = p + q + 1

• No new nonzero elements will be created in L



Example 

• Cholesky decomposition 𝑈𝑇𝑈 and inverse (dense) 



The Least Squares Problem

• Determine the elasticity properties of a spring by 
attaching different weights to it and measuring its 
length (Hooke’s law)



Measurements are subject to error

• Our goal: use all the data in order to minimize the 
influence of the errors
• a system with more data than unknowns

Matrix 
form





Overdetermined system

• 𝐴 ∈ ℝ𝑚×𝑛, 𝑚 > 𝑛

• The system Ax = b is called overdetermined 

• In general such a system has no solution!



why overdetermined system has no solution?
Geometric insight 

• Let m = 3 and n = 2           𝑥1. 𝑎1 + 𝑥2. 𝑎2 = 𝑏

• The residual vector b − Ax is dotted



Alternative solution
• Let m = 3 and n = 2           𝑥1. 𝑎1 + 𝑥1. 𝑎1 = 𝑏

• One alternative to “solving the linear system” is to make the 
vector r = b−x1a·1−x2a·2 = b−Ax as small as possible



Minimizing the residual vector 

• Solution depends on how we measure the length of the 
residual vector

• Least squares method: standard Euclidean distance
• Find a vector 𝑥 ∈ ℝ𝑛 that solves the minimization problem:

• Since x occurs linearly in this equation, it is called linear 
least square problem 



How to minimize Ax-b?

• Choose the linear combination of vectors in the 
plane in such a way that the residual vector is 
orthogonal to the plane



Orthogonality 

• We first recall that two nonzero vectors x and y are 
called orthogonal if 𝑥𝑇𝑦 = 0 (i.e., cos θ(x, y) = 0). 



Making r orthogonal to the plane?

• The columns of the matrix A span the plane

• To make r orthogonal to the plane is equivalent to: 
• making r orthogonal to the columns of A

• This is valid in general case



• Using r = b − Ax, we get the normal equations for determining 
the coefficients in x.



Theorem 3.10

If the column vectors of A are linearly independent, then the 
normal equations

are nonsingular and have a unique solution.

Proof: 

• 𝐴𝑇𝐴 is non-singular (𝑦𝑇𝑦 =  𝑖 𝑦𝑖
2 ) 

• Normal equations have a unique solution  𝑥 and for all r = b − Ax 
||  𝑟||2 ≤ ||𝑟||2



||  𝑟||2 ≤ ||𝑟||2 for all r = b−Ax 



Solve the equation for spring elasticity 



Solve the equation for spring elasticity 

x = A\B solves the system of linear equations A*x = B.

https://www.mathworks.com/help/matlab/ref/mldivide.html#btg5qam-x
https://www.mathworks.com/help/matlab/ref/mldivide.html#btg5qam-A
https://www.mathworks.com/help/matlab/ref/mldivide.html#btg5qam-B


Drawbacks

• Forming 𝐴𝑇𝐴 can lead to loss of information

• The condition number 𝐴𝑇𝐴 is the square of that of A:



Drawback - Loss of information 

• If is 𝜖 𝑖𝑠 so small that the floating point representation of 1
+ 𝜖2 satisfies fl 1 + 𝜖2 = 1, then in floating point 
arithmetic the normal equations become singular. 

• Thus vital information that is present in A is lost in forming 
𝐴𝑇𝐴 .



Drawbacks - condition number of 𝐴𝑇𝐴

• Condition number: a function with respect to an argument 
measures how much the output value of the function can 
change for a small change in the input argument. 

• Used to measure how sensitive a function is to changes 
or errors in the input, and how much error in the output 
results from an error in the input.

• A problem with a low condition number is said to be well-
conditioned, while a problem with a high condition number 
is said to be ill-conditioned.



Ill-Conditioned (example)

• A mathematical problem or series of equations is ill-conditioned if a 
small change in the independent variable (input) leads to a large change 
in the dependent variable (output)



Ill-Conditioned 



Any Question?


